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A method for the numerical  simulation of stochastic p rocesses  in intense relat ivis t ic  beams 
of par t ic les  moving in e lectr ic  and magnetic fields is described.  A two-dimensional  approx- 
imation using "coarse  par t ic les"  is considered.  The action functions are  f i rs t  tabulated with 
respect  to three variables.  The method combines high speed and good accuracy.  The r e -  
sults of a simulation are  presented.  

1. Numerical  simulation on a computer  using coarse  part icles  is an effective method of investigating 
p rocesses  which occur  in ensembles of par t ic les  [1-5]. In the case of a relat ivis t ic  beam the calculations 
are complicated by the fact that the space-charge  forces  produced by the par t ic les  depend on their  position 
and on their velocity. The Coulomb interaction forces  between the par t ic les  can be calculated using the 
so-cal led action functions of the par t ic les .  The volume of calculations is proport ional  to the square of the 
number of coarse  {"computer") par t ic les .  Hence, the permiss ib le  number of computer  par t ic les  is of nec- 
essi ty limited and in the best  computers  does not exceed severa l  hundred. The memory  of a computer  is 
fair ly large and enables one to s tore  a vast  amount of data, which can be used to speed up the solution of 
the equations of motion and of the field using suitable algori thms.  

We will consider the propagation of part icles  of charge e and r e s t  mass  m 0 in a cyl indrical  region 
consisting of a drift  space and an interaction space in which interaction occurs  with a traveling e lec t ro -  
magnetic wave. (The boundary at the junction of the drift  region and the interaction region is assumed to 
be a rb i t r a ry  and is the c ross  section in which the high-frequency electromagnet ic  wave is introduced. The 
weak nonsynchronous interaction with this wave in the drift  region is ignored.) It is assumed that in the 
drift  space bunches of par t ic les  are formed (in accordance with the injection algorithm) with cer tain as -  
signed coordinate and velocity distribution functions. By assigning different distribution functions we can 
study their effect on the p rocesses .  After drifting, the bunches ar r ive  in the interaction region which is a 
cyl indrical  waveguide containing i r i ses .  In the interaction region the beam is close to synchronism and 
interacts strongly with the fundamental space harmonic of the traveling microwave field which has a wave- 
length in f ree space X and a phase velocity v w = flw c (c is the velocity of light). 

We will assume that the problem is axially symmetr ic ,  that the beam does not perturb the external  
e lectromagnet ic  field, and that the longitudinal component of the external  magnetic field depends only on 
the longitudinal coordinate.  The radiation of the par t ic les  is ignored. The computer  par t ic les  of charge 
Me and res t  mass  Mm 0 are represented in the form of infinitely thin r ings,  the radius of which can be va r -  
ied during the course  of the simulation. The charge of the r ings Me and the number of the injected par t i -  
cles n(0) are  chosen in such a way that the current  of the beam in the model is the same as in the physical  
system.  During the course  of the simulation the par t ic les  may leave the region (for example, they may hit 
the walls of the tube, the target ,  etc.). The number of par t ic les  remaining in the region at the instant of 
t ime T, will be denoted by n(T)<_ n(0). 

At each instant of t ime T we calculate the space-charge  field from the known coordinates and veloci-  
ties of all the n(T) par t ic les .  Then, from the equations of motion we find the coordinates and velocities of 
the par t ic les  at the instant of t ime T + AT. 
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The  equat ion  of  m o t i o n  of a r e l a t i v i s t i c  p a r t i c l e  

- ~ - =  ,no - -  \ c  t t  c.~ (rE)  

in a c y l i n d r i c a l  s y s t e m  of c o o r d i n a t e s  {r ,  O, z}, a f t e r  changing to the d i m e n s i o n l e s s  v a r i a b l e s  

(1.1) 

c ~  " r d O  n = + ,  o.= 
t~ c d '~  

(1.2) 

t akes  the f o r m  

1 , "' ( E ~ '  ' 
�9 7 , , - - ~  "~- ~ "  = F~ (t) =_ ~ [E~ ~'B~ - -  ~tB~ q'E~)l 

1 , 
~i" = F~.(t) =-- ~ [E~ , -  ~'B~ § a b e - -  q' (E~,' --  ~,'E~.)I + 

a' b'~ (t) ~ "' ~n' - -  --'-- ~ - [ - -  q'B~ + ; B : - - ~ ( E ~ '  + q'E,)] '1 

(1.3) 

w h e r e  the p r i m e  deno te s  d i f f e r en t i a t i on  with r e s p e c t  to t ,  and ~, is  the L o r e n t z  f a c t o r :  

y =- ( I  - -  ~ " ) - ' , ,  ~2 := (~,),z _~ (~l,)~ + o ( 1 . 4 )  

The axia l  c o m p o n e n t  E 0 = 0. When changing  f r o m  d i m e n s i o n l e s s  field s t r e n g t h  to d i m e n s i o n a l  f ield 
s t r eng th  they m u s t  be  mul t ip l i ed  by the c o r r e s p o n d i n g  n o r m a l i z i n g  f a c t o r s :  

m o""- m,c ~,  
E:,~--=---'s~E~,~., B , . , . o =  & ,~,~ 

We can add the fol lowing equa t ion  fo r  the phase  to Eqs .  (1.3): 

r = % - -  2.-,t + ~I~ (~), (1.5) 

w h e r e  co o is  the  phase  of  the wave  of  the e x t e r n a l  e l e c t r o m a g n e t i c  field at  the input to the i n t e r ac t i on  space  
~0 at  the in i t ia l  ins tan t  t = 0. 

The  f ie lds  E,  B in the equa t ion  of  mo t ion  (1.1) a r e  m a d e  up of e x t e r n a l  f ie lds  E w and B w, and the 
s p a c e - c h a r g e  f i e lds  E s and B s 

E = E,:: - E.. B =: B,~. + B, (1.6) 

[( ) ] 2.'~ ] / l  -- ~,o. 
E ~ =  E,~ (~) Io :~ ~ cos,pi: ~- (1-- ~ ) - '  , I~ (~ 2:~k 31-%~ ~1) sinai,.  

(1.7) 
B,o=:tl~.(~)i: Z d ~ i ~ { E ' ~ ( ~ )  I / 1 - ~ ~  3~ ~ sin~io 

w h e r e  I 0 and I~ a r e  B e s s e l  funct ions  of  i m a g i n a r y  a r g u m e n t ,  tz ,  i r ,  and i 0 a r e  unit  v e c t o r s ,  and flw, Era,  and 
B~ depend only on ~ and a r e  g iven in t a b l e s .  The  e x p r e s s i o n s  which include Em(}) a r e  c o m p o n e n t s  of  the  
E01 mode  in the channe l  of  a c y l i n d r i c a l  wavegu ide  with i r i s e s .  X~Znen r ~ 1 Eqs .  (1.7) s imp l i fy  to 

E~ = E~ (~) [cos q i, + ~l]~w-lsin qgir], B~,0 = E,~(~)a~ sin cp (1.8) 

The  s p a c e - c h a r g e  f ield at  the poin t  ~i, rli, w h e r e  a p a r t i c l e  of  n u m b e r  i [i = 1, 2, . . . .  n(t)] is  s i tua ted ,  
is  found by s u m m i n g  the f i e lds  p roduced  by all  the r e m a i n i n g  p a r t i c l e s  j = 1, 2 . . . . .  n(t), j # i, a s s u m i n g  
tha t  the longi tudina l  c o m p o n e n t  of  the c u r r e n t  dens i ty  of  the b e a m  is p r e d o m i n a n t :  

E~ (~i, qd = A ~ [So ('It, ~:, •  s ign (~i - -  .~) i: + u~' ,  (% llj, xu) i,l 

j §  

(1.9) 
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A ":-- Me~)~ / (2neomoc~a~), ~q = (1 - -  (~/)~)-'/, (1.10) 

Here  a is the r ad ius  of  the tube,  and S O and S~ a r e  the act ion funct ions  fo r  an infini tely thin r ing  in an 
ideal ly  conduct ing  c y l i n d r i c a l  tube:  

~=1 Jd (v~) (1.11) 

In Eq. (1.11) j is the index of  the r ing  (of the c o m p u t e r  par t i c le ) ,  which p r o d u c e s  the field,  i is  the 
index of  a pa r t i c l e ,  on  which the field ac ts ,  and J0(Vk) = 0, and 

(1.12) 

Most  of  the computa t iona l  t ime  is r e q u i r e d  fo r  ca lcu la t ing  the s p a c e - c h a r g e  field (1.9), s ince  the 
r e q u i r e d  number  of  o p e r a t i o n s  is p ropo r t i ona l  to n2(t). 

2. The s imula t ion  is c a r r i e d  out with a cons tan t  s tep  At, which is a c o m p r o m i s e  be tween  a c c u r a c y  
and speed of  solut ion.  When solving the equat ions  of  mot ion  (1.3) we used Adams '  ex t rapo la t ion  f o r m u l a  
for  the ve loc i t i e s  o f  each  of  the i = 1, 2 . . . . .  n(t) p a r t i c l e s ,  which enables  one to ca lcu la te  the r igh t  s ides  
uniquely at each  s tep  and which has an a c c u r a c y  at each  s tep of  the o r d e r  of  (At) ~. F o r  }i"  f o r  example ,  
we have 

B~' (t + At) = ~ '  (t) + At  [ W , .  F~(t)  - -  % Fv  (t - -  At) + V,:  F~.~( t -  2._,Xt)] (2.1) 

where  the r igh t  s ides  F}i( t  - At), F}i( t  - 2At) of  Eq. (1.3) a re  ca lcu la ted  in the p r e c e d i n g  s imula t ion  s teps  
and then kept  fo r  the subsequent  ca lcu la t ions .  We s i m i l a r l y  ca lcu la te  ~i ' ( t  + At), a i ( t  + At). 

To ca lcu la te  the coord ina te  ~i we use  an expans ion  in a power  s e r i e s :  

~i(t + At) = ~ ( t )  I-  ~ ' ( t )  At + ~/"(t) (At) 2 / 2 - I -  ~ i" ' ( t ) ' (At )  3 / 6  + ~{' ')  (t) (At) '*/24 (2.2) 

with the r e m a i n i n g  t e r m  o f  the o r d e r  o f  (At) 5. A c c o r d i n g  to the f o r m u l a s  of  n u m e r i c a l  d i f fe ren t i a t ion  

~" (0 = F~ (t) 

~i" (t) = F~' (t) : [F~ (t - -  2At) --  4F:~ (t - -  At) ~, 3F~ (t)] (2At) -~ (2.3) 

~av) (t) -- F~(' (t) : [F~i (t - -  2A 0 --  2F~ (t - -  At) + F~ (t)](At) -~ 

Substi tut ing Eqs .  (2.3) into Eq. (2.2), we obtain  

~, (t -r At) = ~, (t) ~ '  �9 -t- ~, (t) At - ~,,, (At) 2 [ ~9/6F~.~ (t) --5/3F~ (t - -  At) T ' /2Fu (t - -  2At)] (2.4) 

We ca lcu la te  ~i(t + At) s i m i l a r l y .  The phase  q0 i is found f r o m  Eq. (1.5); the values  of  the in t eg ra l  
�9 (~) a r e  f i r s t  tabula ted  for  the whole of  the i n t e r ac t i on  space ,  so that  @[~i(t)] can be ca lcu la ted  at each  s tep 
by in te rpo la t ion  us ing  the tab les .  In the dr i f t  space  ~< ~0 we a s s u m e  �9 (~) = 0. 

To ca lcu la te  the coo rd ina t e s ,  the ve loc i t i e s ,  and the phase  of  a pa r t i c l e  at the ins tant  of  t ime  t + At 
we m u s t  know e leven  quant i t ies  [~(t), ~'(t) . . . . .  F ~ ( t  - 2At)] fo r  each  pa r t i c l e .  The capac i ty  o f  the ope ra t i ve  
m e m o r y  of  a c o m p u t e r  of  a v e r a g e  c l a s s  enables  these  quant i t ies  to be s t o r ed  for  s e v e r a l  hundred  p a r t i c l e s .  

In the f i r s t  two s teps  of  the s imula t ion  ( "acce l e r a t i on" ) ,  ins tead o f  the A d a m s '  method  we used E u l e r ' s  
method for  the ve loc i ty  

~i' (t -i- At) =: ~t' (t) 4_ F~t (t) At (2.5)�9 

[ s i m i l a r l y  fo r  ,Ti(t + At) and a ( t  + At)] and the power  s e r i e s  

~ ( t  ~- At) = ~ i ( t ) .  [ i ' ( t )  At H- F:.i (t) (At) z / 2  (2.6) 

fo r  the coo rd ina t e s  [ s imi l a r l y  for  ?i( t  + At)]. 

To ca lcu la te  the ac t ion funct ion (1.11) we cons t ruc t ed  a gr id  r eg ion  with r e s p e c t  to the t h r e e  va r i ab le s  
(?i, ~ j ,~ i j ) .  Be fo re  s t a r t i ng  the s imula t ion  we d r e w  up tab les  of  va lues  of  Sp (p = 0, 1) at the nodes of  the 
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g r i d .  With  r e s p e c t  to ~ (1.12) the  s t e p o f  the  g r id  Ay~ was  c h o s e n  to be 
c o n s t a n t  and to be  such  tha t  the  whole  o f  the  bunch was  c o v e r e d  by 
the  g r i d :  

zi~ .ri~ A z  (0  ~ x i j  ~ .  , ,.) (2o7) 

w h e r e  Ny~ is  the  n u m b e r  of  nodes  of  the  g r i d  with r e s p e c t  to v a r i a b l e  
~,.. As  f a r  as  the  r a d i u s  i s  c o n c e r n e d  i t  i s  b e s t  to choose  a g r i d  the  
s t e p  of  which i n c r e a s e s  wi th  d i s t a n c e  f r o m  the  a x i s .  T h i s  e n a b l e s  
one  to have  m o r e  nodes  and to c a l c u l a t e  the  f i e ld  m o r e  a c c u r a t e l y  
in the  r e g i o n  f i l l ed  by the b e a m ,  s i n c e  the  b e a m  is  u s u a l l y  c o n c e n -  
t r a t e d  in the  r e g i o n  of  the  ax i s  of  the  s y s t e m .  Hence ,  the  r a d i u s  nodes  
a r e  c h o s e n  with  a uni t  s t ep  with r e s p e c t  to the  v a r i a b l e  y,  which is  
r e l a t e d  to ~ by the  e x p r e s s i o n  

(e u' : - -  :1)-* 0 <~ :\"~) (2.8) ~1 ' -  ( b  " ;'.) " " - -  i )  (e  ' ~ ' '  ~< g 

w h e r e  N~ is  the  n u m b e r  o f  nodes  of  the g r i d  with r e s p e c t  to y.  The 
ax i s  of  the  tube  c o r r e s p o n d s  to y = 0, and the i n t e r n a l  r a d i u s  of  the  
i r i s  b c o r r e s p o n d s  to y = NV. The  d i s t a n c e  b e t w e e n  n e i g h b o r i n g  nodes  
with r e s p e c t  to  the  v a r i a b l e  ~ a c c o r d i n g  to Eq.  (2.8) i n c r e a s e s  a s  exp(kyy) .  
By v a r y i n g  p a r a m e t e r  ky ,  one  can  change  the  d e g r e e  of  nonun i fo rmi ty  

o f  the  g r i d .  

T a b l e s  of  the  a c t i o n  func t ions  w e r e  c o n s t r u c t e d  in p r a c t i c e  wi th  

r e s p e c t  to the  v a r i a b l e s  Y',l Y',j and x.-1.1 at  the nodes  Yi, Y'j = 0, 1, 2, . . . .  
Nrl; x i j  = 0, 1, 2 . . . . .  N z .  S ince  the  funct ion  S o is  s y m m e t r i c a l  with r e s p e c t  

to Vi, V j ,  the  t a b l e  of  S O (Yi, Yj, xi j )  i s  on ly  d r a a m  up fo r  v a l u e s  of Yi >- Yj. F o r  
x i j  = 0 we as  s u m e  S O (Yi, Yj, 0) = 0, S~ (Yi, Yj, 0) = S~ (Yi, Yj, 1). The t o t a l  n u m -  
b e r  of  nodes  in the  t a b l e s  of  S O and S t i s  o f  the o r d e r  of  1.5 (N~ + 1) 2 
(N• + 1). 

D u r i n g  the s i m u l a t i o n  p r o c e d u r e  with r e s p e c t  to the  c o o r d i n a t e s  r/i, 
r~j we c a l c u l a t e d  Yi and yj  f r o m  Eq. (2.8), and we c a l c u l a t e d  xi j  f r o m  Eq. 
(2o7). The  v a l u e s o f  the  ac t i on  func t ion  Sp, which  o c c u r  in Eq. (1.9),  
a t  the  po in t s  Yi, Yj, and x i j  w e r e  found us ing  l i n e a r  i n t e r p o l a t i o n  b e -  
tween  the t ab l e  c o m p o n e n t s :  

., c, ,~ /o) F' t0) xi)(0)) - \S,  Sp (% v:, z;,) -:  S ; , [ ! I .  !L;, x,~) = .~;,~g:. , ,  , 

a S r ,  0 5 " p  . ;  (0)~ •  0"Vr'  l a ' .  - -  x ~0;~ XSr = ~ (qi - !] ~0)) ~_ _ _ _  ( y : _  (2.9) 

p = (0; 1) 

w h e r e  the  s u p e r s c r i p t  (0) d e n o t e s  the  i n t e g r a l  p a r t  of  the  n u m b e r ,  and the d e r i v a t i v e s  r e p r e s e n t  the  d i f -  
f e r e n c e  b e t w e e n  the  a c t i o n  func t ions  at  the  nodes  which a r e  a d j a c e n t  with r e s p e c t  to the  c o r r e s p o n d i n g  v a r i -  
a b l e s ,  s i n c e  the  d i s t a n c e  b e t w e e n  n e i g h b o r i n g  nodes  Ayi(~ = Ayj(~ = Axij(~ = 1. F o r  v a l u e s  x i j  (~ > N• the  
func t ions  Sp(~ i ,  r~j, yqj)  a r e  a s s u m e d  to be  z e r o .  

The  m a j o r  p a r t  of  the  c a l c u l a t i o n s  u s i n g  Eqs .  (1.9) and (2.9) can  be  c a r r i e d  out  in a d v a n c e ,  so tha t  
the  r e q u i r e d  n u m b e r  of  o p e r a t i o n s  i s  r e d u c e d  c o n s i d e r a b l y .  T h i s  e n a b l e s  one to s i m u l a t e  i m p o r t a n t  p r a c -  
t i cM m o d e s  of  o p e r a t i o n  on a c o m p u t e r  of  a v e r a g e  c l a s s  in an a c c e p t a b l e  t i m e .  

3. The  t i m e  t aken  to c o m p u t e  a s i n g l e  s t ep  on  an M-220  c o m p u t e r  i n c r e a s e s  f r o m  27 s e c  for  n = 100 
�9 _ _ . .  

to 432 s e c  for  n 400.  F i g u r e s  1 -3  show the r e s u l t s  ob t a ined .  We i n j e c t e d  a s i n g l e - e n e r g y  bunch with an 
i n i t i a l  p a r t i c l e  k i n e t i c  energ3 '  W 0 and a c o n s t a n t  s p a c e - c h a r g e  d e n s i t y  p. F o r  F ig .  1 the  i n i t i a l  r a d i u s  o f  
the  b e a m  was  1.37 c m ,  and fo r  F i g s .  2 and 3 the  i n i t i a l  r a d i u s  was  1 cm.  F o r  a u n i f o r m l y  c h a r g e d  b e a m  

p = M e n  / (nqm"~,,,~ ~) ( 3 . 1 )  

w h e r e  ~m, ~?m a r e  the d i m e n s i o n l e s s  l eng th  and the d i m e n s i o n l e s s  m a x i m u m  r a d i u s  o f  a bunch.  It was  a s -  
s u m e d  tha t  o v e r  the  whole  i n t e r a c t i o n  s p a c e  Bw, ~ (~) = c o n s t .  
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Figure 1 shows the increase  in the radius r = )t~ m of a proton beam due to the action of space-charge  
forces  when drifting in f ree space in the direct ion of axis. For  this case W 0 = 700 keV, p = 0.56 �9 10 -4 C /m 3, 
and n = 50, and the pa rame te r s  of the grid were ky = 0.25, N~ = 13, and N~ = 25. In Fig. 1 the continuous 
curve was calculated f rom the analytical re la t ion given in [7], and the c ro s se s  r ep resen t  the resul ts  of the 
numerical  experiment .  The d isagreement  does not exceed 1%. Figure 2 shows the distribution density dN/ 
dW of the number of par t ic les  N(W) with respec t  to the energy W after passing through a drift  of length4.5 
cm; the initial energy W 0 = 50 keV, the focussing magnetic field B~ = 3.522, and p = 4 .1 .10  -4 C /m 3 for curve 
1 and 1.4 �9 10 .3 C /m  3 for curve 2. Because of the accelerat ion of the "leading" par t ic les  and the slowing of 
the "trail ing" par t ic les  of a bunch the initially s ingle-energy bunch exhibits a spread in energy.  As the 
charge density increases ,  the energy spec t rum broadens.  A compar ison of curves  1 and 2 (Fig. 2) shows 
that an increase  in the space-charge  density by a factor  of 3 causes an increase  in the absolute energy 
spread from 9 to 24 keV. 

The repulsive Coulomb forces  have a considerable effect on the t r ansve r se  motion of the par t ic les .  
A suitable charac te r i s t i c  of the radial  divergence of the beam is the quantity 

~---!id~ld~'~, v~-----dll'/d~ 

In Fig. 3 curves  1 and 2 limit the region occupied by the representat ive  points of the par t ic les  of the bunch* 
passing through the drift  space of length 5 cm, p = 1.4 �9 10 -3 C/m 3, B} = 3.522, and W 0 = 50keV for curve 1 and 200 
keV for curve 2. It canbe  seenthat  an inc rease  inthe initial energy of the par t ic les  W0bY a factor  of 4 leads 
to a reduction in the a rea  of the region occupied by the representat ive  points of the par t ic les  of the bunch, 
i.e., of the quantity a ,  by a factor  of approximately 3.5. This is due to a reduction in the repulsive Coulomb 
forces  as the energy of  the par t ic les  increases .  

Consider the effect of space charge on the bunching of the par t ic les  in microwave electromagnet ic  
fields. The external  high-frequency field was given by the pa ramete r s  Em(~) = const = 2.97, /3w(~) = const = 
1. We injected a bunch with initial phase length /xco = 0.12~ rad and energy W 0 = 125 keV. ' ~ i l e  the en- 
ergy of the bunch was increas ing to 1 MeV, the longitudinal Coulomb repulsion increased the phase length of 
the bunch to 0.18;r for an initial space-charge density p = 4 .5 .10  -3 C/m 3 and to 0.22rr for p = 7.5 �9 10 -3 C /m 3. 
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